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Abstract—A time sequence of counts of the number of sensor
detections is the sum of the number of detections of objects
and the number of false alarms. We model the count sequence
as an insertion-deletion process, and model the time-varying
number of objects as a birth-death process. Under these modeling
assumptions, we derive the optimal recursive Bayesian posterior
distribution for the number of objects conditioned only on
the count sequence. The method is potentially applicable in
management science to detect changes in demand in decision-
independent observed data streams and in social media to
estimate the number of users who abuse hashtags. A maximum
a posteriori (MAP) algorithm for estimating the parameters of
the birth-death and insertion-deletion processes is presented.
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I. INTRODUCTION

In multiple object tracking problems sensor measurement sets are
typically finite sets of points in some Euclidean space, but in this
paper we are concerned only with the number of points in these sets.
We derive an optimal recursive Bayesian filter to estimate the number
of objects, or signals, present in a data stream that comprises only the
observed cardinalities of the sequence of sensor measurement sets.

The only input to cardinal filters, as we will call them, is a stream
of nonnegative integers. Their output is the Bayes optimal posterior
mass function (pmf) of the number of objects conditioned only on
the input count stream.

One reason to consider such problems is that they altogether avoid
using object motion models. The objects can move independently
and arbitrarily along any trajectory whatsoever without altering the
cardinal filter performance. This paper studies the price to be paid
for object motion independence.

The problem may have applications in management science for
decision-independent data streams that compress data to its cardinal-
ity [1] [2]. For example, if the streaming data is customer demand
observed on a weekly basis, the inventory manager may seek only to
detect changes in demand, in which case the data stream is decision-
independent. (The data stream is decision-dependent if the manager
makes decisions to increase demand.) In the context of social media,
the number of abusive hashtag (#) users is analogous to the number
of objects. For many such applications, it may be necessary to “fit”
the parameters of the statistical model to the data. We propose a MAP
(maximum a posteriori) parameter estimation algorithm.

The natural, intuitive approach to computing the pmf of the
cardinal filter is to enumerate and compute the probabilities of all
the ways that the numbers of objects and false alarms can account
for the observed counts. This paper takes an alternative approach. It
encodes the myriad combinations into a succinct, easily computed
generating function (GF). The pmf of the exact cardinal filter is
a normalized mixed derivative of the GF, where the order of the
derivative is determined by the observed counts. This expression is

both concise and elegant. The advantage of the GF approach is that
principled methods are available to approximate the derivatives. We
approximate the filter using the saddlepoint method [3], an established
and widely used technique in physics and statistics.

The GF approach to cardinal filters was first proposed in [4].
Using a much improved notation, this paper shows that the joint
GF can be used for Bayesian inference of any set of variables in
the problem, not just object number. It uses the saddlepoint method
to derive low computational complexity approximations to Bayes
optimal estimators, with particular attention to cardinal filters. Several
numerical examples are given. To make the cardinal filter adaptive, we
propose an approximate MAP algorithm to estimate filter parameters
from archived and streaming data.

Section II provides further background discussion and gives an
overview of the paper and points out the significance of the saddle-
point approximate filters. Section III explicitly states the statistical
modeling assumptions. Section IV gives the backward recursion for
the GF of the general model. Similar recursions appear in population
processes, e.g., the famous Galton-Watson process [12, Chap. 1].
Numerical examples of the exact cardinal filter are given in Section
V. Section VI gives the saddlepoint optimal cardinal filter, together
with examples. The approximate filter is useful when the count data
are large and/or the lag time is long. Filter parameter estimation
is discussed in Section VII. This is important for adaptive filters
that estimate the filter parameters (e.g., false alarm rates) from the
available count data. Section VIII gives directions for future work.
The Appendix discusses the saddlepoint approximation.

II. OVERVIEW

The length of the sequence is K > 1. The number of objects at
time k is denoted by Ny, where 1 < k < K. The current time is K.
The a priori number of objects is denoted Ny. The number of objects
may vary over time due to two random effects: existing objects may
fail to transition (i.e., terminate) from one time to the next, and new
objects may be born at each time. The number of objects born at
time k is denoted by By. The number of objects Ny is equal to the
sum of the number of objects that successfully transition from the
previous time and the number of newborn objects at time k.

An object (including the newly born) may or may not be detected
at time k. Object detection processes are independent of each other. If
detected, an object generates a random number of measurements. In
most problems each object generates at most one measurement, but
this restriction is unnecessary. The number of measurements My, is
the sum of the number of measurements generated by detected objects
and the random number of false alarms, denoted by F}. False alarms
are spurious measurements that are independent of the number of
objects. We derive a Bayes optimal cardinal filter for object number
Ny conditioned on the observed measurement counts, M} = my.

The pmf of the sum of independent random numbers is the
convolution of their pmfs; equivalently, the GF of the sum is the
product of the GFs! We use this well-known property to show that

'In signal processing, the GF is called the z-transform and takes values in
a complex-valued frequency domain.



GFs are powerful analytical tools for inference networks. We use
them in the next section to derive a backward recursion for the (exact)
joint GF of the random integers V, where V is the set of the 4K 41
integers Ny, My, Bi, and Fj. The joint GF is a low complexity
calculation.

Let ZUJUK be a pairwise disjoint partition of V. It is remarkable
that the joint GF enables us to write the (exact) Bayes optimal
estimator for the variables in Z conditioned on observations of the
variables in 7 as the normalized mixed derivative of the joint GF
marginalized over the indeterminates of the variables in C [5].

The Bayes optimal estimators of interest in this paper are the
cardinality filters, for which T = {N.}¥, J = {My}{, and
K = {No} U {Bs, Fi. }i. Marginalization is easy since it involves
setting the indeterminates corresponding to the random variables in
K equal to one. The difficulty is computing the mixed derivatives.

The cost of evaluating the mixed derivatives can be significant.
When exact derivative calculations are impractical, we replace them
by their saddlepoint approximations [3], [10] Numerical experiments
(not given here for lack of space) show that the relative approximation
error is often small enough to be acceptable in many practical
problems; however, a careful theoretical error analysis is difficult.

The practical value of saddlepoint approximations (cf. Eqn. (48)
below) is that the computational complexity depends primarily on the
number of conditioning variables (i.e., the number of variables in the
set J) and is largely independent of their numerical values.

The joint GF involves several numerical parameters (e.g., P in
Eqn. (14) below). Some may be poorly known and others may drift
slowly over time. MAP estimates of the parameters are derived from
the likelihood function of the data. As shown in Section VII, the
exact likelihood function is the (mixed) derivative of the appropri-
ately marginalized joint GF. This derivative is a high-complexity
calculation, so we replace it by its low-complexity saddle point
approximation. The saddlepoint approximation to the likelihood is
an explicit analytic function of the parameters, and the gradient with
respect to the parameters is computed to machine accuracy by the
complex step method [11]. Saddlepoint MAP estimates are found by
gradient ascent.

III. NOTATION AND MODEL ASSUMPTIONS
The sequences of nonnegative integer random variables are

N = No.x = (No, ... , Nx)
M=M,.x = (M,..., Mx) W
B=Byx = (B, ...,Bx)

F=Fix = (F, ... Fg).

The conditional independence relationships between them are de-
picted in Fig. 1. Realizations are denoted

n=(no,...,ng) €25

m = (m,...,mg) € Z5 )
b= (b1, ... ,bx) € ZY
f=(f,...,fx) €2k,

where Z is the set of nonnegative integers. The joint probability
mass function (pmf) is denoted

p(n,m,b,f)EPr{N:n,M:m,B:b,F:f}.
Let p(ng) = Pr{No =no} and, for k =1,..., K,
p(ng) = Pr{Ni = ni}
p(mg) = Pr{M, = ms}
p(br) = Pr{Bi = by}
p(fx) = Pr{Fy = fi}.
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Fig. 1. Dependence network for the sequence of nonnegative random integers
Ny, My, By, F}, and their associated indeterminate variables xy, yi, 2k, Wk;
for example, the notation M/ /y2 indicates that yo corresponds to Mo.

Under the conditional independence assumptions depicted in Fig. 1,
the joint pmf is the product

p(n,m,b, )

= p(no) T por)p(fip(ueine-1, bop(melne, fi).

The posterior pmf of the sequence of object counts n conditioned on
the measurement sequence m is, by definition,

p(njm) =k > p(n,m,b,f), ®)

b,f

where k™1 = > npeP(m,m,b,f) is the normalization constant.
Computing the numerator of this sum directly is strongly reminiscent
of calculations in multi-hypothesis tracking (MHT) algorithms in that
it requires enumerating — and evaluating the probabilities of — all
feasible combinations of measurements to objects and false alarms.
Direct computation is prohibitive except for small problems.

The GF approach used in this paper completely avoids direct
enumeration. The steps in our method are outlined as follows:

1) Define the multivariate GF of the joint pmf p(n, m, b, f).

2) Evaluate the GF by backward recursion.

3) Write the pmf of the cardinal filter as a derivative of the GF.

4) Approximate the pmf by applying the saddlepoint method to

approximate the derivative.

The steps are exact up to the approximation in step 4). The saddle-
point approximation is an established technique in physics.

In the remainder of this section we develop the models that are
used in the next section to complete step 2). Assign the indeterminate
variables

x = (2o, ... ,zx) € CET!

y=@,... ,yx) €C¥ ©
z = (2, ,zK)E(CK

w = (w1, 7wK)G(CK

to the random variables n, m, b, and f, respectively. Define the
shorthand notation

X" =xp0x]t xRk

m __  mj m
y =Y Yk

b b bre @)
z° =27" 2l

£

w :wfl---wfg‘.

By definition, the joint GF of p(n, m, b, f) is, the formidable looking
expression

Uk (x,y,2,w) = Y p(n,mb,f)x"y"z"w’. @8

n,m,b,f



The sums on all 4K +1 indices range from 0 to co. This multivariate
power series converges when the magnitude of every indeterminate
variable is less than or equal to 1, a result that follows from the fact
that the GF is that of a probability distribution. (The GF is treated
as a formal power series outside this “polydisc.”) It is computed via
the backward recursion given below in Section IV. The recursion is
written in terms of the (univariate) GFs discussed in this section.

The a priori number of objects (i.e., the number at time 0) is an
arbitrarily specified random variable. For example, if it is Poisson
distributed, its GF is

Golwo) = Y plno)ag® = e N A0, ©)
no=0
where Ay’ > 0 is the expected number of objects. The a priori

numbers of false alarms and new objects are arbitrarily specified
random variables. If they are Poisson distributed, their GFs are

o]

Gy (z) = D plb)zyt = e % 1<k <K, (10)
byp=0

Gro(we) = > p(fwft =e W 1<k <K, (1)
fr=0

where AZ > 0 and AL > 0. If at most one object is born at any
given time, then newly born objects are Bernoulli with GF

G, (zx) =1 — PP 4+ PPz, (12)

where PP > 0 is the probability that an object is born at time k.
The number of objects N, at time k is the sum of the number of

objects Ni_1 at time k£ — 1 and the number of newly born objects

By, at time k. For Ny_1 = ni_1 and By, = by, the GF is defined by

[e'e]

Cping_yon(x) = D plng | neer, be) 2%, 1<k < K. (13)

ngE=0

We derive an explicit expression for this GF from first principles.
Objects may or may not successfully transition from time k£ — 1 to
time k. We assume that successful transitions occur with probability
P? > 0, that this probability is the same for all objects, and that
objects transition independently of each other. We also assume that
a successful transition results in exactly one object (i.e., objects do
not split). With these assumptions, the GF of transition success is

Gs,(zx) =1—- P + Pz, 1<k<K. (14)

The number of objects that transition from time £ — 1 to time
k is conditioned on Ny_i. Objects transition independently, so if
Ni—1 = ng—1, the GF of the number of successful transitions is
(Gs,,(zx))"™ . The number of objects Ny is the sum of the number
of objects that transition from time £ — 1 and the number that are
newly born at time k. They are conditionally independent, so

G (@) = (G (a0) ™

= (1 - P;f + P]ka)nk71 xzk

1<k<K, (15)

(16)

is the GF of N} conditioned on Ny_1 = ngx_1 and By = by.
Similarly, the number of measurements M}, is a random variable
conditional on Ny = ng and Fr = f. Its GF is

')

Gatng b (k) = > plmu [, fi)yp*, 1<k < K. (17)

mp=0

We assume that an object is detected with probability P” > 0, that
this probability is the same for all objects, and that object detections
are independent of each other. For concreteness, we assume that
detected objects generate exactly one measurement. Thus, the number

of measurements generated by one object at time k is Bernoulli
distributed, and its GF is

Gp,(ye) =1— PP + P ye, 1<k<K. (18)

The number of measurements M} is the sum of the number of
measurements generated by objects and the number of false alarms.
Assuming that object detections and false alarms are independent, so

Gatglng o (r) = (G (yi)) "yl 19)
_ (1 —pP 4+ P;?yk) "yl (20)

is the GF of M), conditioned on Ny = ny and Fy = f.

The expressions (15) and (19) hold in the general setting in which
objects may, when transitioning, split into a random number of
“parts,” each of which counts as an object and each of which may
generate a random number of measurements. In this general setting,
G's, (z1) is the GF of the number of objects at time k, and Gp, (yx)
is the GF of the number of measurements produced by an object. The
models (14) and (18) are special cases.

1<k<K,

IV. GENERAL RECURSION FOR THE JOINT GF
Nesting the sums in the definition (8) gives

\I!K(x,y,z,w):z Z

no b1,n1,f1,m1

>

b i, fK MK

(+)

A low computational complexity backward recursion for this nested
sum is derived in [4] in a different notation. For clarity, we derive
the GF for the “no lag” special case K = 1 in the current notation
in Subsection IV-A. This special case is also sufficient to capture the
spirit of the general derivation. We give the GFs for lagged cardinal
filters with lags 1 and 2 in Subsections IV-B and IV-C. Further details
are omitted for lack of space.

BACKWARD RECURSION FOR Vg (x,y,2z, W).
Let (k+1 = nx+1 =€x+1 =1
FOR k=K 1,1,
GF of false alarms at time k:
Ce = Ces1Gr, (ywwr)
GF of the trajectories of all objects born at time & :
M = Me+1GB,, (Zkl'kGDk, (yw) §k+1)
GF of the trajectory of a preexisting object from k to K:
& = Gs, (2kGpy (Yk) Ekt1)
END FOR
Vi (y,2) =G
Ui(x,y,2) =m
U5 (x,5) = Gy (w0 &1)
Vg (x,y,2z,W) = \I/]ll;((y,w)‘ll]%(x,y,z)\I/(i,);(x7 y)-

X
X

The joint GF is a product of three independent “trajectory” processes:

o Preexisting Objects Trajectories, ‘llg(x, y). The £ terms corre-
spond to objects that are present before the first measurement is
made at time £ = 1. They may continue to exist up to time K,
but they may fail to transition at any intermediate time k. They
are not reborn once they fail to transition. Thus, preexisting
objects generate a cohort of “trajectories” of varying lengths
that all begin at £ = 0.

o Newborn Object Trajectories, W% (x,y,z). The 1 terms cor-
responds to objects that are born in the time interval [1, K].
Once born, they are indistinguishable from preexisting objects.



They generate trajectories that begin at their birth and terminate
when they fail to transition. Their trajectories are superposed
with those of preexisting objects. The GF of objects born at
time k is G, (2k2xGp,, (yr) Ex+1). Objects born at different
times are independent, so the product of their GFs is the joint
GF of all objects born in the interval [1, K].

o False Alarms, W5 (y,w). The ¢ terms correspond to false
alarms. The numbers of false alarms are different times are
independent, so the joint GF for all false alarms the product of
the GFs at each time.

A. GF for cardinal filters with no time lag

Recursive filters with no lag are derived from the GF for K = 1.
We evaluate (8) by nesting the sums. From (8), the GF for K = 1 is

W1()(7 y? Z? W) =

>, pno

ng,n1,m1,b1,f1

)p(b1)p(f1)p(n1|no, bi)p(mi|ni, f1)

b
x gy Y 2wl

The product in the summand is reordered as
b
p(no)zg” p(b)z1" p(nifno, b)at p(fr)wl® p(malny, f)y" .
—_———— T —— N —
Arranging the sums in the same order gives

> -xivtsis{so)

ng,n1,m1,b1,f1 ng by ny f1 my

The innermost sum,

> plmalny, f0yi™, 1)
my
is identical to (17) with k = 1. From (19), it is equal to
(GD1 (yl))my{l. (22)
Multiplying by p(f1)w!* and summing over f, gives
> plfwl {(Go ()" vl
f1 (23)

= (G, (1))™ > p(f1) (gawn) .

f1

The sum is the GF (11) of the number of false alarms at time k = 1,
but with a different argument. Thus, (23) equals

(Goy ()™ Gy (yrwn). (24)
Multiplying by p(n1|no, b1)z]* and summing over ni gives
>~ p(alno,ba)ai { (Go, (92) " Gy (1) |
" (25)

= Gr (yrw1) Y p(nafno, br)(z1Gp, (1))

ni

The sum is the conditional GF (13) at time k£ = 1 evaluated for the
argument x1Gp, (y1). It follows from (15) that (25) equals

b1

Gr, (y1wr) (Gs1 (¢1Gp, (yl)))n0 ($1GD1 (y1))

Multiplying by p(b1)2z%! and summing over b; gives

Gr (y1wr) (G51 (21Gp, (yl)))no > p(b) (ZléthDl (?ﬁ))

b1

b1

Using the GF (10), this expression is equal to

Gr, (w1) G, (2121Gp, (11)) (Gsy (211G, (11))) ™. (26)
Finally, multiplying by p(no)zy° and summing over ng gives
\I/l (X7 y7 Z7 W) = GFI (ylwl)
x G, (2121Gp, (1)) @7

X G, (20Gs, (21Gpy (y1)))-

Note that U1 (x,y,z,w) =1forzo =21 =y1 =21 = w1 = 1.

The terms in the exponent of (27) are the logarithms of the GFs
of the three a priori variables evaluated with complicated arguments.
The arguments in these priors correspond to the principle that “water
flows downhill from the source,” where downhill is defined by the
directed edges in Fig. 1.

The goal is to find the distribution of N; conditioned on the
number of measurements m; > 0. The number of objects at the
initial time is unknown, as are the numbers of new objects and false
alarms. To marginalize over them, we set xp = z1 = w1 = 1, and
define the GF

Ui(z1,y1) =GR (Y1)
x G, (x1Gp, (1))
X G, (Gs, (1Gp, (11))).

(28)

The GF of the posterior pmf of the number of objects conditioned
on M1 = mj measurements is the normalized derivative,

D™ (z1,0)

Gvlma (1) = DOomiWy(1,0) @9
where, for all m > 0,
0,m a'm
D™ \111($1,0) = 7m‘111(x1,y1) (30)
ayl y1=0
The mean of the posterior pmf at time k = 1 is the derivative
~ 0 D™, (1,0
Nip = Gy @)| = LD G

0x1 z1=1 = DOomiWy(1,0)"

These expressions hold for arbitrary GFs.

B. GF for cardinal filters with a one step time lag

Filters with a one step lag correspond to K = 2. The backward
recursion for the joint GF gives

Va(x,y,2,w) = Gry(y1w1) Gr, (y2w2)
X GBl(le'lGDl(yl)GSQ($2GD2 (yz)))
X G y(222G D, (y2))
X GNO(ﬁUoGsl(leDl(m)Gsz(mGDz (y2))))

An intuitive interpretation of this expression can be found by parsing
the factors. This pleasant task is left to the reader. Marginalizing
over all variables at time £ = 2 by setting 2 = y2 = 22 = wa = 1
reduces it to the GF (27) for k£ = 1, as theory requires.

For a filter of lag 1, we marginalize over the unobserved numbers
of new objects and false alarms at times k = 1,2 and the number of
objects at times k = 0,2 by setting xg = 2 = 21 = 22 = w1 =
w2 = 1. This gives an explicit expression for the desired GF,

Vo (z1,91,y2) = Gr(y1) Gr, (y2)
X GBl(‘TlGDl(yl)GSQ(GDQ (y2)))
X GBz(sz (yg))
X GNO(GSI(iL'lGDl(yl)GS2(GD2(y2))))-

(32)




The GF of the number of objects at time k = 1 conditioned on
My =my > 0 and Ms = mo > 0 is the normalized derivative,

DOmm2, (z,,0,0)

Gyl ms (#1) = DOmim2W,(1,0,0) | 53
where
omt gm2

D2 Wy (21,0,0) = =y 2y Va(21, 1, 34
2(21,0,0) By Oy 21, y1,92)) . (34)

y2=0

The mean of the posterior pmf at time k = 1 is the derivative

- 0 D1 mum2,(1,0,0)
N- = 7G mi.m = > . 35
112 61‘1 Nilm1, 2(x1) x1=1 Dovmlv’mZ\Ifg(]_,0,0) ( )

These expressions hold for arbitrary GFs.

C. GF for cardinal filters with a two step time lag

A two time step lag corresponds to K = 3. The recursion for
K = 3 gives the joint GF, and marginalizing it appropriately gives
the joint GF for the cardinal filter with a lag of 2; explicitly,

Ws(21,91,92,y3) = Gr (Y1) Gry (y2) Grs (y3)
x G, (21Gp, (Y1) Gs,(Gp,(y2) Gs3(G s (ys
X G, (G, (y2) Gs3(Gpy(y3)))
X Gp;(Gps (ys))
x G'ng (G (leDl (yl) Gs, (GDZ (y2) Gs; (GD3 (ZB)))))

The pattern of the nested sequence of GF evaluations is seen
by contrasting this expression with (28) and (32). Similar nesting
patterns also appear in other population processes (e.g., the Galton-
Watson process [12, Chap. 1]).

)

V. BAYES OPTIMAL CARDINAL FILTERS

The performance of the exact cardinal filter with no lag is shown
on simulated data in Subsection V-A. It is derived from the joint GF
(28). Its performance is compared to a cardinal filter with lag of one
in Subsection V-B. Cardinal filters with larger lags are also discussed.

A. Cardinal filter with no lag

The number of objects is deterministic, not random, and ranges
from 1 to 3 in the time interval [0, 500] with increments/decrements
of £1 as depicted by the jumps in the black curve in Fig. 2.
Measurement counts my, are available for k = 1,...,500. Object
detection probability is stationary with PP = 0.95 for all k.
Object transition probability is stationary with P = 0.97 for all
k. The object birth process is stationary and Poisson distributed with
expected number A\F = 0.1 for all k. The false alarm process is
stationary and Poisson distributed with expected number A\f = 4 for
all k. The measurement count my, is simulated by randomly detecting
the number of objects at time k£ and adding a random number of false
alarms. In the simulated data, object births and deaths are not random.
Somewhat arbitrarily, we define the signal-to-nose ratio (SNR) as
SNR = 101log,,(#objects/Af ). The SNR with 1 object present is
—6dB, with 2 objects is —3dB, and with 3 is —1.2dB.

The pmf of the prior distribution on object count at time k = 0
is that no objects are present, so that Pr{ Ny = 0} = 1. The GF of
this prior is Gy, (-) = 1. Thus, from (28), the joint GF of the first
time step k = 1 of the exact cardinal filter simplifies to

Wi (z1,91) = Gr, (11)GB, (211G, (41))-

The GF of the posterior count is the normalized derivative (29). The
coefficients of the series expansion

(36)

Gy, (1) = Y A2} 37)
n=0

are the probabilities, AL = Pr{No = n|M; = m1}.
We write the posterior pmf in an equivalent notation borrowed
from analytic combinatorics; for example, if f(z) = > ., an2",

then a,, = [2"]f(z). In this notation, A is written

Pr{Ni =n|My=m} = [531] G Ny my (T1). (33)

The MAP (maximum a posteriori) estimate of the number of objects
in this notation is

MR = argmas { [a3] G oy (21) }- (39)

The second step of the Bayesian recursion uses the joint GF (28)
but the initial GF G, () is replaced by G n,|m, (-). The GF of the
posterior pmf for the second step is, using (37),

Gy jmy (z1) = Gr, (y1)GB, (mlGDl (yl))

X i AP (G, (z1Gp, (1))

n=0

(40)

Later steps of the filter take the same form.

In every step of the recursion, we compute the required derivatives
and series expansion up to degree 15 using Mathematica. Proceeding
in this way gives the (exact) cardinal filter at time k for a given count
sequence {my}72%.

Fig. 2 shows the performance of the Bayes optimal cardinal filter
for one measurement sequence. The simulated number of objects
starts at 1, moves one step at a time up to 3 and back to 1 at the end.
The simulated counts range from O to 14; they are depicted by the
ragged black line. The blue line connects the means of the conditional
pmfs, which are computed by evaluating (31) at each time step k.
The pmf at each time k is computed by evaluating the power series
(37). The MAP estimate of the number of objects is the location of
the brightest orange box at each time k.

A close look at Fig. 2 shows that the MAP estimate is often correct
or within £1 of the correct number of objects. Moreover, the support
of the posterior pmf is typically slightly bigger than 1, which is
significantly smaller than the support of the Poisson distribution of
the number of false alarms. Nonetheless, it is apparent from the figure
that estimating the number of objects using only count data and the
statistical model depicted graphically in Fig. 1 is a nontrivial exercise.

Fig. 3 shows the the posterior pmf of the cardinal filter averaged
over 100 independent Monte Carlo trials. It shows that the MAP
estimator of the cardinal filter performs well, at least on average.
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Fig. 2. Heat map of the pmf of the cardinal filter with parameters Pks =0.97
and PD = 0.95. Mean number of false alarms is AF = 4. The stepped black
line is the simulated number of objects. The ragged black line is the input
sequence of counts. The blue line is the mean of the pmf of the filter.



Fig. 3. Heat map of the pmf of the cardinal filter, averaged over 100 Monte
Carlo trials. Filter parameters are those of Fig. 2. The blue line is the mean
of the posterior pmf, averaged over the 100 trials.

However, it also shows that the cardinal filter is biased. The bias is
also seen in other examples (not given here). The size of the bias
depends on the filter parameters and the SNR. The bias in Fig. 3
decreases with increasing SNR.

The bias may be due to the fact that the time-varying number of
objects in the simulated data sequences is an unlikely realization of
the statistical model. The parameters chosen in these examples were
selected on the basis of intuition. One such estimation algorithm is
discussed in Section VII.

B. Cardinal filters with lag

Exact expressions for cardinal filters with lags are determined by
differentiating the joint GF. In general, for a filter of lag K —1 > 0,
we compute the joint GF U (x,y,z, w) using the backward recur-
sion, and then set z1.x = wi.x = 1, and o = Trxx1 = 1. The
resulting marginal GF is denoted ¥ k (x1, y1:x ). Using the derivative
notation of (34), the GF of the number of objects conditioned on the
counts mi1.x = (m1, ..., mg) is the normalized derivative evaluated
at the origin,

DO™UE W (21, 01.5¢)

DOm1x Wi (1,01:x) ’ S

GNl\ml:K (xl) =

Just to be clear, the numerator requires computing a mixed derivative
of order m1 with respect to y1, order mo with respect to ys, etc. The
pmf of the posterior is, in the notation of (38),

Pr{N1 =n|mi.x} = [27] GNnyjm,.x (x1), n>0. (42)
The posterior pmf of the cardinal filter with lag K — 1 is computed
by expanding G'n, |m,., (1) in a power series about 1 = 0. The

mean of the posterior pmf is the derivative (cf. (35))

DV ™R (1,01.k)

R = '
11K DO,ml:K\IIK(l,Ol;K)

(43)

Computing this derivative is tantamount to computing the mean from
the power series.

We ran the cardinal filter with a lag of 1 (K = 2) on exactly the
same data as the previous example. The results differed little from
those of the zero-lag filter (Fig. 3) and are not shown here. Neither the
observed average biases (with 100 trials) nor the delays in adapting
to changes in the number of objects were statistically significant.

If lagged cardinal filters are to improve object count estimates, it
is clear that the lag must be larger than 1. Unfortunately, exact filters
are too time consuming to compute for lags of 2 or more using our
implementation, so they are not presented.

VI. SADDLEPOINT OPTIMAL CARDINAL FILTERS

The computational complexity of cardinal filters grows rapidly
with the size of the count and the length of the lag. Consequently,
approximations are needed to study their performance. In this section
saddlepoint methods are applied to approximate the posterior pmf of
optimal cardinal filters.

The count sequence m;.x is given. To compute the posterior pmf
of the cardinal filter for this sequence, we expand the GF of the
filter ratio (41) into a power series about zero. The coefficients of
the series are mixed derivatives, so we approximate them by the
saddlepoint method. Except for the constant term, each coefficient
requires a separate saddlepoint approximation.

The denominator in (41) is a normalizing constant, so

Pr{Ni=n|mi.x} = [27] GN,jm;.. (z1)
o [27] DMK e (11, 01,5 )
= D ™R (0,01:1)
=1,.
Since the proportionality constant is the same for all n, we truncate
the power series at a sufficiently high degree, compute the numbers

I, and then normalize them so that they sum to 1.
We use the method in the Appendix to approximate I,,. From (49),

I 1 7{ % Vg (z1,y1:x) dzadys - - - dyx
Cri) 5t Jowey  Joway  af Tyttt et

, 8k ). From (50), the action for this integral is

Let s = (50,81,. ..
K
Ln(s) =log ¥k (s0:x) — (n+1)logso — Z(m;C + 1) log sk,
k=1
and the saddlepoint is, from (51),
$(n) = argmin L, (s).
s>0

Using (52), the saddlepoint approximation of I, is
L~ RACICO) ’

(27)(K+D/2, /| H,, (3(n))|

where ‘Hn (§(n))’ is the determinant of the (K + 1) x (K + 1)
Hessian matrix of the action £, (s) evaluated at s = §(n). Absorbing
the constant into the proportionality constant, we have the elegant
expression

log I, = L (8(n)) — 3 log | Hn(8(n))|. (44)

The saddlepoint approximation to the pmf is easy to implement if
we use a numerical algorithm that returns both the minimum and the
Hessian matrix at the minimum.?

We reexamine the example of Section V-A, but with a lag of 3
time steps, which corresponds K = 4. The filter parameters are
unchanged. At each time step, we approximate the Bayes optimal
pmf from n = 0 to n = 10 using the expression (44).

The performance of the lagged cardinal filter on the same data
as in Fig. 2 is shown in Fig. 4. It is apparent by comparing these
two figures that the cardinal filter with a lag of 3 is, in some sense,
smoother in that it has smaller changes in the estimated object count
from one time step to the next. It is also apparent that the variance
in the estimated count is comparable to that of the no lag filter.

Fig. 5 shows the average of the lagged filter output over 100 Monte
Carlo trials. The data in these 100 trials are identical to the data used
to generate Fig. 3. It is clear that the lagged filter is significantly

21f the determinant | Hy (8(n))| is a “weak” function of n, it may not need
to be computed. See the discussion of saddlepoint bounds in [10, p. 549].
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Fig. 4. Heat map of the pmf of the cardinal filter with lag 3 (K = 4) for
the same count sequence and filter parameters as Fig. 2. The blue line is the
mean of the pmf. The stepped black line is the simulated number of objects.
The ragged black line is the input count sequence.

Fig. 5. Heat map of the pmf of the cardinal filter with a lag of 3 time steps
(K = 4), averaged over 100 Monte Carlo trials. The blue line is the mean of
the averaged pmf. Filter parameters are those of Fig. 4.

more biased than the filter with no lag. The variance in the pmf is
also apparently larger than that of the no lag filter. This result is
rather surprising, but it could be a result of the bias. On average
the lagged filter does appear to detect the changes in the number of
objects somewhat more rapidly than the no lag filter, but on any one
run, as shown in Fig. 4, it is difficult to see this slight improvement.

VII. PARAMETER ESTIMATION

The examples in Sections V and VI are limited to one sensor data
stream. By experimenting with the different filter parameters, it is
clear that performance can be improved by adaptively “tuning” them
to reduce the bias and, potentially, the variance in the estimate as
well. Filter parameter estimation is the topic of this section.

The normalizing constant is not used in Section VI to compute
the pmf, but it is fundamental to the problem of filter parameter
estimation. Let 6 denote a parameter in the statistical model to be
estimated from the count sequence m1.x . An initial feasible value of
0 is given. The basic idea is simple. Use the backward recursion to
find the joint GF of the likelihood of the count sequence. To show the
dependence of the GF on 6, we write the GF as ¥k (x,y,z, w;0).
Setting xo,k = 2z1:x = wi:x = 1 gives the marginal GF

Uk (y1x;0) =¥k (l,y,1,1;0). (45)

The mixed derivative of the marginal GF

L(9) = Dml;K\I/K(yl;K; 0)

(46)

Y1: k=0
is the likelihood function of 6 conditioned on the count data mq.x.
From (50), the action of the likelihood function is

K
:10g\IJK(t1;K,0)— (mk—i-l)logtm
k=1

Lo(ti1:x) 47

where t1.x > 0. The saddlepoint t = #1.x minimizes the action. It is
a function of 6, and we denote the dependence explicitly by writing
tr (0). Taking the logarithm of the saddlepoint approximation of the
likelihood function L(6#) and dropping irrelevant constants gives the
approximate loglikelihood function for 6 as

0(0) ~ Lo (t(0)) — 5 log|HL (£(0))],

where H(t(0)) is the Hessian matrix of the action Lo(t1.x)
evaluated at the saddlepoint. The gradient of this approximation with
respect to 6 is easily computed by the complex step method [11]. The
initial value 6 can then by updated by suitable gradient methods. Note
that changing the parameter changes the action, so it is necessary to
recompute the saddlepoint at every iteration.

(48)

VIII. CONCLUDING REMARKS

It is apparent from the examples that accurately estimating the
number of objects from count data that is “corrupted by insertions
and deletions” (indels) is a difficult task. When the application is
tracking real objects, or targets, it is clear that augmenting the
count data with, say, a set of kinematic point measurements, will
improve the count estimate. This would make the data discrete-
continuous, which complicates the formulation of the approach but
does not fundamentally alter it (e.g., the backward recursion becomes
a sequence of nested integrals [6]). Augmenting the count data in this
way detracts from one of the salient advantages cardinality filters —
they count all targets regardless of their motion.

Multiple sensors may be counting detections in the same pre-
scribed field of view. If the sensor counts are independent conditioned
on the number of objects, and the numbers of false alarms in the
sensors are independent, then the joint GF of all the sensors is
computed by modifying the backward recursion — it needs to use
a sensor-specific indeterminant y and the GF G, (ykwk) must be
replaced by the product of the GFs of the sensor false alarm processes.
This increases the order of the derivatives in the cardinality filter,
but the saddlepoint method still applies. The potential advantage of
using multiple sensors is that the resulting MAP estimate would be
less biased and have smaller variance.

The MAP estimate gives, at each time k, the individually most
likely number of objects. It also maximizes the expected number of
correct individual counts. The sequence of individual MAP estimates
is different from the most likely sequence of the number of objects.
Given the Markovian nature of the statistical model, the most likely
sequence of object number is the Viterbi sequence. The Viterbi
sequence may provide an estimate that is better suited to some
applications. How to find the Viterbi sequence using the saddlepoint
approximation remains to be explored.

The algorithm outlined in Section VII adapts the filter parameters
to “fit” the available data and thereby improve performance. It is
unique in one special regard — filter parameters are estimated by
stochastic gradient descent applied to the saddlepoint approximation
of the data likelihood function. The gradient is easily computed
to machine precision by the “complex step” method [11]. This
technique is applicable to any problem whose likelihood function
is approximated by saddlepoint method. It is the subject future work.



Exact cardinal filters are symbolic mixed derivatives, which is why
all the examples in this paper were implemented using Mathematica.
The implementation gave us a first look at filter performance. It was
not designed to be fast, so it was perforce inefficient and slow.

Saddlepoint approximations do not compute symbolic derivatives.
The method enables the numerical study of much larger problems
without the burden of symbolic processing.

APPENDIX — SADDLEPOINT APPROXIMATION

t k = (ki,...,kn), where integers k; > 0,5 = 1,...,n,

d n > 1. Let f : C" — C is a multivariate analytic function of
z = (z1,...,2n) in an open neighborhood of the origin in C™. Let
( ) denote the mixed derivative of f. The multivariate Cauchy

integral to be approximated is

1 K
ol ()
k L z=0€eCn"

- 27” 7{%1) 7{%")

The function f can be any of the GFs used in this paper — they are
analytic in each variable separately, which (by Hartogs’ Theorem)
makes them jointly analytic. The domain of integration is the polydisc
C(r1) x --- x C(rn), where C(r;) is a circle of radius r; > 0
centered at the origin of the j™ copy of the complex plane in the
Cartesian product C". Let r = (r1,...,7,) € R].

The computational complexity of the saddlepoint approximation
depends on the number of variables n but not on the order of the
derivative. The action® Ly : T — R is defined by

f(r)

:log k1+1 ...
51

I =

dz1---dzn,

Shitl kn+1" (49)
21 ez

Lx(r) a1

= log f(r Z (kj +1)logr;. (50)
The saddlepoint 7 = (71,...,7,) € R} is defined by
7 = argmin Li(r). (51

r>0

The assumption of nonnegative coefficients guarantees that the sad-
dlepoint exists and is unique in each variable separately, provided
that f(z) is not a polynomial in the variable [10].

The integral Ik is approximated by a series expansion about the
saddlepoint. The first term in the series is

eﬁk(f')
hn ——— (52)
@m)/TH )
| )
— 53
@y T T oY

where |H (7)| is the determinant of the n X n Hessian matrix of the
action evaluated at 7,

H(P) = Vor Lic(r)|

= Diag (klf—glw.., k"+1> + V.. log f(z)
i

7

(54)

This term is often used to derive asymptotic expansions for large
values of n. See [3] for additional terms in the series and an analysis
of the approximation error.

3The name is borrowed from the Lagrangian approach to mechanics in
physics. The function is not given a name in the saddlepoint literature.

The saddlepoint approximation is sensitive to changes of variables.
For example, substituting z; = 7;¢'% into (49) gives

27 27 i0n
I = / it “e o) o e (59)
27r cpkn
Letting 6; = 0 gives the action (compare to (50))
Le(r) =log f(r Zk logr;. (56)
If § denotes the saddlepoint of (56), then
Le(3)
I ~ ! __° (57)
(2m)n/2\/|H(s)| 51--+ 5n
_ 1 1) 55

oA IHG) S

The two approximations differ only in the choice of saddlepoint.
The gradient and the Hessian of the action are computed to

machine accuracy by the complex step method. See [11] for details.

Fixed point iteration. Setting the gradient V, Lx(r) = 0 gives
necessary conditions for the minimum (51). Thus, 7 satisfies
P —1
ri = (ki +1) (8r~ (r)) , 1<i<n. (59)

The mathematical form of the system suggests the following multi-
variate fixed point iteration: For ¢ =0, 1,2, ..., compute

@+ _ o 9
40 = (b4 1) (1o 100

where 79 = (ry), ey rff)) and (¥ > 0 is a given initialization.
A sufficient condition for convergence is that the L; norms of the
gradients of the iterated functions be bounded by 1, where the iterated

functions here are g;(r) = (ki + 1)(% log f(r))~*

-1
) , 1<i<n, (60)
r=r(®)
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